A system of two massive spinless quarks tied together by a massless string is investigated. The string degrees of freedom is eliminated within the straight string approximation, which becomes exact in the two soluble cases, the circular and the linear motions. Classical solutions to a resulting effective Lagrangian are obtained and their properties are studied. 'Regge trajectories' determined by the Bohr-Sommerfeld quantization are shown for light quarks and for heavy ones. § I. Introduction
One of the basic problems in hadron physics 1s to understand the hadron spectrum from first principles. Many people believe that the problem will someday be solved completely by quantum chromodynamics. There exists another approach, though related, which is of more phenomenological nature but could be less difficult than the former approach. It i!'l the string modeln in which massless strings•> tie together massive quarks. 3 > It is very interesting that in two-dimensional space-time the string model has been shown 4 > to be equivalent to the Yang-Mills gauge theory in the lowest order of the 1/ N expansion, 5 > where N denotes the color degrees of freedom of the quark. Certainly we should not appreciate the result in two dimensions too much. One lesson we can learn from this equivalence, however, is probably that the longitudinal vibration of the string, 6 >.n which was absent in the transverse gauge 8 > adopted in early investigations, is crucially important.
In this work we discuss a (meson) system of two spinless massive constituents which are linked by a massless string.*> We shall consider the longitudinal and the transverse motions simultaneously by making the approximation that the string is straight. This approximation scheme becomes exact when the motion approaches either of the two soluble cases, the circular and the linear ones. We also assume that the string has no folds.
We can then express the Lagrangian of our system in terms of the constituent variables alone. The effect of the string on the constituents has been replaced lvf. Ida by a potential between them. It is non-central, depends on the constituent velocity in the azimuthal direction, and approaches a linear potential in the non-relativistic limit. The rest mass M and the total angular momentum J in the rest frame give us two integrals for our system, by which we can solve the problem.
In order to avoid the difficulty of canonical quantization, transition to quantum theory is done by requiring the Bohr-Sommerfeld condition.n The time T necessary for making one cycle in the r-Pr plane plays an important role, and will be called the quasi-period of the motion. The 'Regge daughters' thus obtained correspond to radial excitation in quantum mechanics. When J tends to zero, they approach the even 'daughters' of the linear motion in two dimensions. 6 ), 7 )
The content of this article is organized as follows: In § 2 we discuss some general properties of a massless string with massive spinless constituents at its ends. We are led to the straight string approximation as an. interpolation of the two soluble cases. In § 3 we eliminate the string variables from the Lagrangian, and obtain the two integrals for our system. The classical solutions are derived and their properties are studied in § 4. In § 5 we discuss the quasi-period and quantities closely related to it, such as the 'Regge slope'. The Bohr-Sommerfeld quantization is made in the final section. Numerically calculated 'Regge trajectories' are shown for light constituents and for heavy ones. § 2. Massless string with quarks at the ends
We consider a system of two massive spinless constituents joined by a massless string. The action for it is given by 3 ), 7 ) (2·1) where x;"(r) =x"(r, 15£), i=1, 2 with 15i = n, 152 = 0, and .fstr represents the string Lagrangian 2 l 
ax/
we get the Euler equations for the string 8 l and those for the constituents 7 l dp"
The four-momentum of the system is expressed as and the angular momentum tensor as
Since our system has non-vanishing rest mass A1, ~~1-(-P 2 ) 112 >m1 + m 2 , we can adopt the proper time gaugelO)
In the rest frame, which we take henceforth, it reduces to The center-of-mass coordinates defined by (2 ·13) are time independent. Indeed, we can see, by the help of Eqs. (2 ·12a), (2 ·11) and
Therefore, we can choose the origin of our coordinate system such that X= 0.
We remove the arbitrariness of 6" reparametrizations by adopting the uniform po gauge, which leads to the relation
(
1-v/Y 12 nr
From Eq. (2 ·12a) we see that IJO is a linear function of 6".
Eqs. (2 · 6), that
We find, using
where it will be noted that a' =b. where e, is a unit vector parallel or anti-parallel to v,.
On the other hand, the equations of motion for the first constituent Is given
where the suffix 1 denotes the values of (}-dependent quantities at 0
where
By the substitution of Eq. (2·22) into Eq. (2·21b), Il1 can be expressed in the form ll1=Ilweu+ll1vev,
thing we can see is that the force acting on the constituents is generally non-central and velocity dependent. There exist two special types of motions, which are exactly soluble. One is the circular motion 3 > with a constant velocity, in which a1=0. The other is the linear (or the purely longitudinal) motion, 6 >.7l in which la1 l=v1• We note that in both of these cases the string is straight. By assuming this property to hold approximately in some other motions, we are led to an approximation scheme for a class of motions, in which the string degrees of freedom are essentially frozen. It becomes exact in the two limiting cases mentioned above. § 3. Straight string approximation
In this and the succeeding sections we choose, in the proper time gauge, the frame in which P=O and X=O. We need not specify the (J characterization, however.
The motion of the constituents in the straight string approximation is easily seen to be planar. Choosing the plane of motion as the x-y plane, we may put
vVe consider only the string with no foldsa>. 7) and, hence, we have
It is to be noted that x 1 is expressed by (rt> ¢) and x 2 by (-r 2 , ¢), not by (r2, ¢+n), where ri(t) =p(t, oJ.
Since we have m our approximation, we obtain
The integral is independent of o-reparametrizations. The above result leads us to the constituent Lagrangian
Li=-mi (1-f/-r/¢;2) t;2_ r;i {sin;it;i¢ + (1-r/¢;2) 1f2}.
(3·4)
Of course, the variables of the two constituents are not independent in our frame. In the case of m 1 = m 2 we immediately see that r 1 (t) =r2 (t). When 
where the radial momentum Pir is defined by
The total mass lvf is obtained as the Hamiltonian corresponding to the Lagrangian (3 · 4). It can also be calculated directly from Eq. (2 · 7), because M is equal to the total energy P 0 in the rest frame. We thus find
where vi~=ri¢. Similarly the total angular momentum J is expressed as (3 ·8) In the following we confine ourselves to the simple case of equal masses unless otherwise stated. Putting we can write Eq. (3 · 4) as The first term on the r.h.s. of Eq. (3 ·11a) represents the centrifugal force, and the second one the string tension m the radial direction.
The Hamiltonian defined by
H=PJ·+P¢¢-L
IS equal to ]i,;f, as mentioned before. We have
and the other constant of motion is given by J, J = P¢, where
In the non-relativistic limit, in which we have f/2<{1 and v¢<{1, we find that (3. 9') 1 (
J2) M--'>2m+-P/+-+rr, m r 2 (3 ·12') (3 ·13')
Our system reduces to a Hamiltonian system with a linear potential. By comparIson with the non-relativistic potentiaP 1 l used in the study of charmonium states
we see that the Coulomb part is lacking in Eq. (3 ·12'). § 4. Classical solutions
Two integrals for our Lagrangian (3 · 9) are given by Eqs. (3 ·12) and (3 ·13). They are sufficient to determine the motion of our system completely.
i) Circular motion
We briefly discuss the special case understanding of general cases easier. 
(1 -vz) 1;2} .
In these expressions for M and J, the first (constituent) terms dominate over the second (string) ones in the non-relativistic region, v~1, while the situation is reversed in the relativistic one, v~ 1.
It is easy to see that
where the universal Regge slope a' is defined by
We may express J in the form 
where (4·9) Solving Eq. ( 4 · 8) with respect to r, we obtain two solutions given by
where The choice of the double signs in Eq. ( 4 ·10) will be determined shortly. In order that r be real, we must have wjg(w)>J. We note that
for w, O<w<1, where we have used the relation Once r IS known by Eq. ( 4 ·10) as a function of w, the radial momentum 1s gwen by (4 ·13) with m=2mj1\1. To study the reality of Pn it is convenient to define the function ( 4 ·14) the behavior of which is shown in Fig. 2 . We have to consider two cases corresponding to the two intervals for fFi: Case A; P'J(wo)>m>f(wa),
where f(waJ =P±J (wa), and w 0 denotes the value of w at which p+J (w) takes its unique maximum. If m>P+J(w0), there is no real solution for Pr·
In Case A there exists an interval, w2 <w<w~> in which Pr is real, and we must choose r<+l for r. When ??i = p+l ( w 0 ), w 1 and w 2 coincide, and we have w (t) =w. This is the circular motion discussed in the preceding subsection. Case B is a little complicated. When w decreases from w 1 to Wa, r = r<+l increases from 
for w, w"<w<w 2 m Case B. Here the derivative
may also be written as
If we choose t = 0 when ¢ = 0, we similarly obtain 
and so
The 'Regge slope' can then be expressed as
Clearly ([JjT may be interpreted as a mean angular velocity during one quasiperiod. Incidentally we note that in the non-relativistic theory relations corresponding to Eqs. This Implies that the string tying the Crosses at J =0 denote odd 'daughters' of the purely longitudinal motion.
quarks is flavor independent and that the symmetry is broken only by quark masses. *l
Finally we discuss the connection between the limit, J-70, of our solutions and the linear motion in two dimensions. In this limit w should tend to zero, and we see from Eq. 
M. Ida
Mpt = 2 (m 2 +P 2 ) 112 + rlxl, (6·8) where x = x 1-X2 and P = (P1 -P2) /2, we find that r~x and Pr~P in the limit of J~o, in so far as x>O.
There is an important difference between the r-Pr trajectory of our system and the x-p trajectory of the purely longitudinal motion. The area of the former approaches half that of the latter, in which x>O. It follows that 
